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Abstract 

We study the maximum numbers of pseudo-triangulations and pointed pseudo- 
triangulations that can be embedded over a specific set of points in the plane or con- 
tained in a specific triangulation. 

We derive the bounds 0(5.45^) and 17(2.41^) for the maximum number of pointed 
pseudo-triangulations that can be contained in a specific triangulation over a set of N 
points. For the number of all pseudo-triangulations contained in a triangulation we 
derive the bounds 0*(6.54^) and 17(3.30^). We also prove that 0*(89.1^) pointed 
pseudo-triangulations can be embedded over any specific set of N points in the plane, 
and at most 120^ general pseudo-triangulations. 

1 Introduction 

A geometric graph is a graph whose vertices are associated with points in the plane and 
whose edges are represented as straight line-segments. A pseudo-triangle is a simple poly- 
gon with exactly three convex vertices, called corners (e.g., see Figure [T|a)). A pseudo- 
triangulation is a crossing-free connected geometric graph that contains the edges of the 
convex hull of its vertices, and whose interior faces are all pseudo-triangles (e.g., see Fig- 
ure[T]^b)). A pseudo-triangulation is pointed if every vertex is incident to an angle larger than 
vr; for example, the pseudo-triangulation in Figure [l]^b) is pointed. Pseudo-triangulations 
have many interesting properties and various applications as geometric data structures in 
areas such as motion planning, polygon unfolding, and ray shooting. For a comprehen- 
sive list of applications, see the survey of Rote, Santos, and Streinu [13]. Interestingly, 
pointed pseudo-triangulations are exactly the planar generically minimal rigid graphs in 
the plane [3 [21]. By Laman's theorem, generically minimal rigid graphs in the plane can be 
described by a combinatorial condition [H] . Therefore, despite of their geometric structure, 
the "graphs" of pointed pseudo-triangulations have a purely combinatorially description. 

In this paper we address the question of how many (pointed and non-pointed) pseudo- 
triangulations can be embedded on a specific point set, or are contained in a specific geo- 
metric triangulation. We consider the graphs to be labeled (that is, two geometric graphs 
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are considered different if tfiey differ in at least one edge, even when tliey are isomorphic). 
We also assume that the point sets are in general position, in the sense that no three points 
are collinear. For the purpose of bounding maximum numbers of crossing-free geometric 
graphs this involves no loss of generality, since such numbers can only grow when a de- 
generate point set is slightly perturbed into general position. For simplicity, we refer to 
crossing-free geometric graphs as plane graphs. 

The problem of bounding the maximum number of plane graphs on a set of points 
has a 30 year long history. The first major result, derived by Ajtai et al. [4j, was an 
upper bound of 10^^^ for the number of plane graphs that can be embedded over a specific 
set of points. Since then, a constant flow of improvements culminated in the recent 
upper bound of 0*(187.53^) by Sharir and Sheffer ^} In Table [l| we list the current 
bounds for several common variants of this problem. A thorough survey of these and other 
variants can be found in Aichholzer et al. [1].^ Most of the upper bounds were obtained by 
estimating the maximum (or expected) number of graphs (of the respective type) that can 
be contained in a single triangulation. One reason for this is that the current upper bound 
for the number of triangulations is relatively small. Moreover, the property that every plane 
graph is contained in at least one triangulation makes it easier to obtain, for the various 
variants, bounds that rely on the maximum number of triangulations. As a consequence, 
upper bounds for maximum numbers of graphs contained in a single triangulation play an 
important role in this field. 



Graph class 


Lower bound 


Upper bound 


Plane graphs 


[HE] 


0*(187.53^) dS] 


Cycle-free graphs 


n{12.26^) [6] 


0(160.55^) [I0",T5] 


Perfect matchings 


n*{3^) [T] 


0(10.07^^) 5H] 


Spanning trees 


17(12.00^'') [6] 


0(141.07^^) [inms] 


Spanning cycles 


n{AM'^) [T] 


0(54.55^^) dH] 


Triangulations 


f](8.65^") [6J 


0(30^") [15J 



Table 1: Current bounds for maximum number of graphs that can be embedded over a point set. 

The motivation for deriving bounds for the multiplicity of plane graphs stems from the 

'^In the notations 0*(), 0*(), and we neglect polynomial factors. 

■^We maintain up-to-date results in http: //www, cs .tau. ac . il/~sheff era/counting/PlaneGraphs .html 

(version of October 2012). 
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need to understand the complexity of non-crossings graphs. For example, how many bits 
are needed to represent a triangulation, or what is the running time of an algorithm that ex- 
tensively searches through all plane graphs of a certain type. Notice that in many geometric 
optimization problems the solution has to be necessarily a plane graph. In particular, the 
minimum Euclidean spanning tree and the minimum Euclidean TSP tour are both neces- 
sarily crossing- free, and it is not hard to see that the minimum Euclidean minimal rigid 
graph has to be crossing-free as well. 

In the spirit of the bounds displayed in Table [T| recent works cite the following upper 
bounds for maximum numbers of (pointed) pseudo-triangulations [U (22] (all attributed to 
Randell et al. [12]): 

(i) Every triangulation embedded over a set of points in the plane contains 0(3^) 
pseudo-triangulations. This result, together with the following one, are stated in 
Table 2 of p. 

(ii) Every triangulation embedded over a set of points in the plane contains 0(3^) 
pointed pseudo-triangulations. 

(iii) The maximum number of pseudo-triangulations that can be embedded over a specific 
set S of N points is at most the number of triangulations that can be embedded over 
S times 0(3^). This result, together with the following one, are stated in Table 3 of 
[I]^ (this is an immediate corollary of 

(iv) The maximum number of pointed pseudo-triangulations that can be embedded over a 
specific set S of N points is at most the number of triangulations that can be embedded 
over S times 0(3'^) (this is an immediate corollary of ([ii])). 

However, while (|jv]) is indeed proved by Randell et al. [12,, Theorem 8], the other three 
bounds are not proved in it, and do not seem to be directly implied by it. In fact, bound (P 
does not hold, as proved in Section [2|^ Specifically, we derive a lower bound of $7(3.30 ) 
on the maximum number of pseudo-triangulations contained in a single triangulation, and 
a lower bound of Q,[2A1^) on the maximum number of pointed pseudo-triangulations con- 
tained in a single triangulation. 

In Section [3] we derive a bound of 0(5.45^) for the maximum number of pseudo- 
triangulations contained in a single triangulation, and a bound of 0*(6.54^) for the the 
maximum number of pointed pseudo-triangulations. We obtain these bounds by relying on 
an approach completely different from the one presented by Randell et al. |12j . 

In Section[5j we present a new observation concerning numbers of pseudo-triangulations, 
and use it to show that bound (|jv]) is not asymptotically tight. Although we only slightly 
decrease the bound from 3^ down to 2.97^, this is the first dent made to this bound in a 
decade, and it seems likely that our approach has potential to induce further progress. 

The observations in Sections [2] and [5] also imply that at most 120^ general pseudo- 
triangulations can be embedded over any specific set of N points in the plane, and 0*(89.1^) 
pointed pseudo-triangulations. The current best lower bounds are 0(12^) for pointed 
pseudo-triangulations, and Q{20^) for general pseudo-triangulations [Ij. Both lower bounds 

^More specifically, it is stated in the table that the maximum number of pseudo-triangulations that can 
be embedded over a set of A'" planar points is 0(129^). The basis 129 is obtained by multiplying 3 with 
43, which, at the time [T] was published, was the best known upper bound on the maximum number of 
triangulations that can be embedded over a set of planar points. 

*The problematic bounds are a rather small part of [Ij, and the many other result in that paper are not 
affected by it. 
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were obtained by counting pseudo-triangulations of a point set which consists of two op- 
posing concave chains (the double chain configuration). The bounds for the number of 
pseudo-triangulations of the double chain are known to be asymptotically tight (ignoring 
polynomial factors). 

Notation. For a set S of points in the plane, we denote by tr(S') the number of distinct 
triangulations that can be embedded over S. Moreover, we let tr(A^) = max|5|=^ tr{S). Sim- 
ilarly, we respectively denote by pt(S') and ppt(S') the number of pseudo-triangulations and 
pointed pseudo-triangulations that can be embedded over S, and set pt(A^) = max|5|=7v Pt('S'), 
and ppt(A^) = maxj^i^^ ppt(S'). 

When considering a point set S, we denote as S" C 5 the set of all points that are 
not contained in the boundary of the convex hull of S; we denote such points as interior 
points. Moreover, we let = |5|, n = and h = N — n. For every W C 5', we denote 
as ptp^/(5) the number of pseudo-triangulations over the point set S that have W as the 
set of their pointed interior vertices. For example, pt0(S') = tr(S'), pt5/(S') = ppt(5), and 
T.w9^w{S) = ?t{S). 

We will also use the following notation — given two plane graphs G and H over the 
same point set 5, if every edge of G is also an edge of H, we write G <^ H. 

2 Known results and first bounds 

Let us first present a counterexample for bound Consider an + 1 elementary point 
set that forms a convex chain with one additional point far above the chain, such that the 
convex hull of the set is triangular. We denote the topmost point as po, and the points 
on the chain as pi,--- ,Pn, from right to left. Let Tj^ be the triangulation of this set 
as depicted in the leftmost part of Figure [2| and let P/v denote the number of pointed 
pseudo-triangulations that are contained in T^. Similarly, denote hy Qn the number of 
pseudo-triangulations that are contained in T/v. 







case A 



case B 



case C 



Figure 2: The triangulation Tg and cases A,B,C with a right pseudo-triangle of width 2, as 



discussed in the proof of Theorem 2.1 Case C is relevant only when counting non-pointed 
pseudo-traingulations. 



Theorem 2.1 The triangulation T]\f contains ((\/2 + 1)'^) pointed pseudo-triangulations 
and ( ( ) 1 pseudo-triangulations. 
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Proof. For every pseudo-triangulation in we call the pseudo-triangle that contains the 
edge popi the right pseudo -triangle. When poPk+i is part of the right pseudo-triangle, we 
say that the right pseudo-triangle has width k. The width of the right pseudo-triangle can 
range between 1 and A^ — 1. We count the number of pointed pseudo-triangulations that are 
contained in T^r and have a right pseudo-triangle of width k. Since Pk+i has to be pointed, 
the vertices of the right pseudo-triangle (in order) are either po,pi, ■ ■ ■ ,pk,PN,Pk+i (case A 
in Figure [2]), or pQ,pi, ■ ■ ■ ,Pk,Pk+i (case B in Figure [2]). In case A we can pick every pointed 
pseudo-triangulation out of T/v restricted to pk+i,Pk+2, ■ ■ ■ ,Pn,Po to construct a pointed 
pseudo-triangulation for T/y. This set induces a triangulation of the form Tjv-jt (e.g., see 
the shaded region in Figure [2]). A similar situation occurs in case B, where we can pick 
any pointed pseudo-triangulation contained in T/v-fc-i to define a pseudo-triangulation for 
Tjv. By also noting that there is a single pointed pseudo-triangulation when k = N — 1, we 
obtain 

Af-2 

Pn = 1+Y1 (^N-k + PN-k-l) 
k=l 

N-2 

= l + Pl + PjV-l+2^ PN-k 
k=2 

/ N-2 

= Ptv-i + Pn-2 + 1 + Pi + Pn-2 + 2 ^ PN-k 

V k=3 

= 2Pn-i + Pn-2- 
Solving the recurrence with Pi = 1 and P2 = 1 gives 

P. := ^ ((1 + ^/2)" - (3 + 2V2) (1 - 72)") = G ((^/2 + 1)") . 

To count the number of all pseudo-triangulations we slightly modify the counting scheme. 
We sum up again all pseudo-triangulations whose width of the right pseudo-triangle is k, 
while k ranges from 1 to A^ — 1. As in the previous analysis, we have cases A and B, but this 
time Pk+i may also be non-pointed. This results in a new case, called C, which is depicted 
in Figure [2| In this case we may pick any pseudo-triangulation from T/v-fe to obtain a 
pseudo-triangulation for T/v. Thus, we have 

N-2 

Qn = 1 + X/ C^Q^-k + QN-k-i) 

k=l 

N-2 

= l + Qi + 2Q7v-i + 3^ QN-k 

k=2 

N-2 

= 2Qn-1 + Qn-2 + (1 + Ql + 2Qn-2 + 3 ^ QN-k) 

k=3 

= 3Qn-i + Qn-2- 
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Solving the recurrence with Qi = 1 and Q2 = ^ gives 
Qn = 



13 - \/l3) (3 + Vl3)^ - (91 + 25\/T3) (3 - VlS)'^ 



13 (3 + V13) 2^ 

e((3 + Vl3)/2)^^ 



Corollary 2.2 ppt(iV) = 0(2.41^), pt(iV) = 0(3.30^). 

In the remainder of this section we show why bound ([j]) is not implied by [12,, Theorem 
8]. Let us first repeat the theorem. 

Theorem 2.3 [12] Given a set S of N points in the plane, a subset W Q S' , and a point 
V eW, then pt^iS) < 3 • ptw\{^y{S). 

Proof sketch. The proof is obtained by combining two simple observations: 

1. For every pseudo-triangulation with W as the set of its pointed interior vertices, we 
can insert a (unique) single edge to obtain a pseudo-triangulation with W \ {v} as the set 
of its pointed interior vertices. 

2. For every pseudo-triangulation with W \ {v} as the set of its pointed interior vertices, 
there are at most three edges whose removal will form a pseudo-triangulation with W as 
the set of its pointed interior vertices (the removal of a single edge. Not of the entire set). 



Bound ( [ivl ) is a simple corollary of Theorem 2.3, since 



ppt(5) = pts>{S) < 3 • pts>\{,,y{S) < 32 . pts,\|,^,,,|(5) < . . . < 3" • pmS) 

< 3^-tr(5), 

where S' = {f 1, f2, fn}. However, bounds and ^ cannot be obtained in a similar 
manner, since the first observation of the proof is no longer valid when considering a spe- 
cific triangulation. For example, consider the pseudo-triangle depicted in Figure [T][^a) , and 
assume that we wish to add an edge that will make e non-pointed. This would require 
the insertion of the edge ae (inserting a different edge will either leave e pointed or will 
not result in a valid pseudo-triangulation) , which is possible when dealing with bound ( [iv| ) . 
However, when considering pseudo-triangulations that are contained in a specific triangu- 
lation T, this might not work since T might not contain the edge ae (for example, T might 
contain the edges gb,gd, and ge instead). 



Finally, consider bound (iii), which claims that for every set S of N points in the plane. 



pt(5) = O* (3^ • tr(S')). Notice that pt(5) = ^IvK P^wi^)- While Theorem 2.3 implies that 



pty(/(5) < Sl'^l • tr(5) holds for every W, it does not imply bound (iii), since there is an 
exponential number of terms in the above sum. For a very simple-minded bound, we note 
that there are fewer than 2^ terms in the sum, so we get pt(5') < 6^ • tr{S). This can be 
easily improved, as follows. 

Theorem 2.4 For every set S of N points in the plane, pt{S) < 4^ • tr(S'). 
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Proof. Given a specific set W that contains exactly k interior vertices, Theorem 2.3 
implies pt^/{S) < 3'^ • tr(S'). Moreover, there are (^) < (^) such sets. By combining the 
above with the binomial theorem, we obtain 

pt(5) = E PV(5) < E U • 3' • tr(5) = tr(5) • E U T = 4^ " t^^)- 

A:=0 ^ ^ fc=0 ^ ^ 

By combining Theorem 2.4 with the bound tr(A^) < 30^ from [15], we obtain 
Corollary 2.5 pt{N) < 120^. 



3 The number of pseudo-triangulations in a triangulation 

In this section we use a new technique to obtain upper bounds for the maximum numbers 
of pseudo-triangulations and pointed pseudo-triangulations that are contained in a specific 
triangulation. Our technique relies on the following lemma. Interestingly, after completing 
this section, we noticed that the lemma was already proved by Rote et al. |14^ Theorem 1] 
(where it is used for different purposes). We present our proof here, for completeness, and 
since it is completely different from the one in |14j . 

Lemma 3.1 [14] Given a triangulation T and a pseudo-triangulation T' C T, let D he the 
set of edges that are in T hut not in T' , and let P he the set of pointed interior vertices of 
T' . Then there is a hijection hetween D and P, such that every vertex of P is adjacent to 
the edge in D that corresponds to it. 

Proof. Consider a pseudo-triangle A of T' with k pointed vertices whose reflex angles are 
inside of A. It can be easily shown that there are k diagonals of A that are in T but not in 
T' (in fact, exactly k diagonals are required to triangulate any simple polygon with A; -|- 3 
vertices). Since every pointed interior vertex has a reflex angle in a single pseudo-triangle, 
D and P are of the same size. We prove the following stronger property: for each pseudo- 
triangle A of T', there is a bijection between the diagonals of A in T and the vertices of A 
that have a reflex angle in T' . 




Figure 3: (a) A pseudo-triangle with four pointed vertices and four diagonals, and its corresponding 
bipartite graph, (b) Removing a vertex ii adjacent to a single diagonal e. 

Consider a pseudo-triangle A of T' . We build a bipartite graph G = (Vi, V2,E), where 
Vi contains a vertex for every pointed vertex of A, 1^ contains a vertex for every diagonal 
of A, and there exists an edge {v,u) € E such that v & V\ and u G V2 if the vertex that 
corresponds to v is incident to the edge that corresponds to u. An example of such a graph 
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is depicted in Figure [sj^a). Notice that proving the existence of a bijection in A is equivalent 
to proving the existence of a perfect matching in G. 

HaU's Theorem |9l Theorem 1] states that G contains a perfect matching if (and only 
if) for each subset Si C y^, it holds that < |<S'2|, where 52 C V2 is the subset of vertices 
in 5*2 that are adjacent to at least one vertex of Si. Since every vertex in V2 has a degree of 
at most 2 (a degree of 1 is obtained when one of the endpoints of the corresponding edge is 
connected to a corner), the pigeonhole principle implies that the condition holds for every 
subset 5i with no vertex of degree 1. 

To deal with vertices of degree 1, we prove the existence of a bijection in a pseudo- 
triangle A by induction on the number of the diagonals inside of it. If A contains a single 
diagonal (and thus a single pointed vertex), the claim obviously holds. Next, assume that 
the claim holds for every pseudo-triangle with k—1 diagonals, and consider a pseudo-triangle 
A with k diagonals. If A contains no pointed vertices with only a single diagonal adjacent 
to them, the claim is implied by Hall's theorem. Otherwise, we take such a pointed vertex 
u and say that it corresponds to the only diagonal e adjacent to it. We then remove u 
and e, and obtain a valid pseudo-triangle by connecting the two neighbors of u along the 
boundary of A, as depicted in Figure [3][^b). Since we now have a pseudo-triangle with k — 1 
diagonals, the claim holds by the induction hypothesis. EH 



Next, we use Lemma |3.1| to obtain upper bounds for the maximum numbers of pseudo- 
triangulations and pointed pseudo-triangulations that are contained in a specific triangula- 
tion. 

Theorem 3.2 Any triangulation T embedded over a set S of N points in the plane contains 
0(5.45^) pointed pseudo-triangulations. 



Proof. By Lemma 3.1, every pointed pseudo-triangulation that is contained in T can 
be obtained by iterating over the n interior vertices of T and for each vertex removing a 
single edge adjacent to it. Let us denote the degrees of the interior vertices as di, . . . ,dn, 
and set dn+i = dn+2 = . . . = cZjv = 1. The number of pointed pseudo-triangulations that 
are contained in T is at most Hi^i ^i- Since a triangulation has fewer than n + 2A^ edges, 
Si^i di < 6N. Combining this with the arithmetic-geometric mean inequality implies that 
the number of pointed pseudo-triangulations that are contained in T is at most 



N 



d,, < < 6 



TV 



N 



One inefficiency of the above method is that it counts many graphs where some edge was 
chosen at both of its endpoints. Such graphs cannot be pointed pseudo-triangulations, 
since they contain too many edges. To deal with this inefficiency, we apply an LP-based 
technique. While this technique was used by Buchin and Schulz [5] to bound the maximum 
number of spanning trees in a single triangulation (embedded over a set of points in 
the plane), it can also be applied for our purposes. In Section [4| we prove that there are 
0(5.45^) distinct ways for choosing a corresponding edge for every vertex, such that no 
edge is chosen more than once. This immediately implies the assertion of the theorem. 



Theorem 3.3 Any triangulation embedded over a set S of N points in the plane contains 
0*(6.54^) pseudo-triangulations. 
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Proof. Let ptj(r) denote the number of pseudo-triangulations with exactly i pointed inte- 
rior vertices that are contained in T. We wish to bound X^"=o P^i(^) ~ ^* (ptj(r))). 
Since T has 2N + n — 3 edges and a pseudo-triangulation with i pointed interior vertices 
has 2N + n — 3 — i edges (e.g., see [T3l Theorem 2.5]), we get the bound 



O* 



27 



_a«- (3 -a) 



3— a 




^: /i(a) 



(1) 



where a = i/N (for the last transition we have used Stirling's approximation). While this 
trivial method implies a good bound when i is small, it yields a bound of O* (6.75^) when 
i ^ N. When i is large, we can obtain a better bound by relying on Theorem |3.2[ That is, 
we have 0(5.45''^) ways of choosing a unique edge for every vertex. For each such choice of 
edges, we have less than (^) ways of choosing the subset of the edges that will actually be 
removed. Thus, we have 



pt,(r) < 0(5.45 



o* 




5.45 



\l-a 



-■■ /2(a), 



(2) 



where a = i/N. 




Figure 4: Bounds ([T]) and ^ coincide when a « 0.955. 

When i is small we use bound ([T ), and when i is large we use bound The way these 
bounds behave is depicted in Figure 4} The bounds coincide when a « 0.955, which implies 
pt.(r) = 0*(6.54^). □ 



An upper bound for outdegree-1 orientations in planar 
graphs 



We give now the missing technical details in the proof of Theorem |3.2[ Specifically, given a 
triangulation T of N points in the plane, we prove that there are 0(5.45^) ways to choose 
a unique edge for every interior vertex of the triangulation, such that every edge is adjacent 
to its corresponding vertex. 

Let G be a planar graph with N vertices. By a standard use of Euler's formula with 
a double counting argument, the sum of the vertex degrees of G is less than 6A^. We 
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call a partial orientation of the edges of G an outdegree-1 orientation, if every vertex in 
G is incident to exactly one outgoing edge. To obtain an upper bound for the number 
of all outdegree-1 orientations of G, we count the number of possibilities for picking one 
outgoing edge from every vertex. Let di denote the degree of the vertex Uj. By using the 
arithmetic-geometric mean inequality, we have 



This number exceeds the number of outdegree-1 orientations, since some edges might be 
chosen as "outgoing" from both of their endpoints - in this case we say, that the edge forms 
a 2-cycle in the oriented graph. To overcome this inefficiency, we analyze the probability -Pnc 
that a random selection (of one outgoing edge for each vertex) contains no 2-cycles. Notice 

that the number of valid partial orientations without 2-cycles is given by (Oi^i ^0 " ^nc- 



Figure 5: A 2-extension based on the edge e and with the signature (3, 4, (6, 4), (5, 4, 6)). 

The framework of Buchin and Schulz [5j allows us to bound the probability Pnc- We 
give some intuition behind this approach, but for more technical details we redirect the 
reader to the original paper. Let Eg be the event that a 2-cycle occurs in some random 
outdegree-1 orientation at edge e. If two edges e and e' share a vertex, then the events Ef. 
and E(,i are dependent and mutually exclusive (that is, at most one of the two events can 
occur in the same outdegree-1 orientation). Based on these observations, we can derive a 
bound for with an expression that depends on the distribution of the vertex degrees 
in the underlying graph [51 Lemma 1]. More precisely, we consider subgraphs of T that 
are composed of an edge e = {u, v) and of all of the edges that have a common vertex 
with e. We refer to such a subgraph as a 2-extension, and say that the signature of a 
2-extension X is the set of the degrees of the vertices that participate in X. We represent 
a signature as a 4-tuple {i, j. A, B), where i and j are the degrees of u and v, A is the set 
of degrees of the neighbors of u, and B is the set of degrees of the neighbors of v (there 
might be vertices that correspond to elements in both sets). An example of a 2-extension 
is depicted in Figure [s} Given a signature s that appears Xg times in T (that is, Xs edges 
of T have s as their signature), we set fg = Xg/N. The probability Pnc can be expressed in 
terms of the fg variables, and we thus have a linear maximization problem whose variables 
are the fg. The program contains three constraints on the signature distribution, which are 
obtained from simple double counting arguments. Solving this program is problematic since 
there is an infinite number of possible signatures, and thus an infinite number of variables. 
Instead of solving the problem directly, we consider the corresponding dual program (a 
linear program with three variables and infinitely many constraints), whose solution gives 
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^j^^logdj + logPnc- Denoting the three variables of the dual program as Ai,A25A3, we 
obtain the objective function 

Minimize Ai + A2 + 3A3. 

For every signature (i, j, A, B) with integers 3 < i < j, a set A oi i — 1 integers > 3, and a 
set B oi j — 1 integers > 3, we have the constraint 



Ai T + - 



where 



Pij{A,B) := 1 



xeA yeB 

An additional constraint is A3 > 0. For the full details on how to derive this LP formulation, 
see [5]. 

The main difficulty in solving the above linear program is the fact that there are infinitely 
many constraints. We present a solution to the program that is not necessarily optimal, 
but is feasible and hence bounds the optimal solution. To determine such a feasible point 
we restrict the dual program to finitely many constraints. Solving this derived LP yields 
the following solution {S): 

Ai = 0, 

A2 = .50906817, (4) 
A3 = .39507190. 

Theorem 4.1 Any triangulation embedded over a set of N points in the plane contains 
0(5.45^) outdegree-1 orientations. 



Proof. In Lemma 4.2 we prove that the solution {S) is feasible. The value of {S) is 
Ai + A2 + 3A3 = 0.50906817 + 3 • 0.39507190 = 1.69428387. Thus, the value of the optimal 
solution is at most 1.69428387, implying Hili • ^nc = ©(e^-^^^^sssTJV) ^ 0(5.45^). As 
stated above, the expression on the left-hand side is the maximum number of outdegree-1 
orientations of any triangulation embedded over points. The proof does not use the 
planarity of the graph, but only the bound on the maximum number of edges. □ 

Lemma 4.2 The candidate solution (S) specified in Q is a feasible solution of the above 
linear program. 

Proof. The proof relies partially on numerical computations and brute force tests that 
were performed with computer algebra software. All computations (Mathematica script and 
pdf-file) can be downloaded at http: //cs .uni-muenster .de/u/schulz/outdegreel . zipj 
We have infinitely many constraints of the form Q to check, since there is one such 
constraint for every signature tuple {i,j,A,B). We now show that it suffices to consider 
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only a finite subset of these constraints. Once we have a sufficiently small set of constraints, 
we use a computer program to verify that they are all satisfied by the values of (S). 

First, we show that if either i or j are large enough, then the corresponding constraint 
is automatically fulfilled, and can thus be removed. The term log Pij{A,B) is negative, so 
we may ignore it for now. Since (3/4 • log a — A2) /a is maximized for integers at o = 5, we 
can assume as worst case, that the entries in A,B are all 5. Furthermore, since 1/x ■ \ogx 
is maximized for integers when x = 3 (and recalling that 1^41 = i — 1 and \B\ = j — 1), we 
notice that the expression 

1/4 • (log(i)/i + log(3)/3) + 3/2 • log(5)/5 - 2/5 • A2 - A3 (5) 

is at least as large as the expression of the constraint. Since this expression is negative 
when i > 38, constraints that correspond to tuples with i > 38 are necessarily satisfied. By 
symmetry, this is also the case when j > 38. Thus, it remains to check the satisfiability of 
constraints for which i,j < 37. 

The above proves that it suffices to consider a finite subset of (i, j) pairs, but the size 
of this subset is still large. We can reduce some of the remaining constraints by using the 
same analysis, but replacing log(3)/3 in expression ([s]) with log(j)/j. By examining when 
the modified expression is negative, we remain with the following set of i,j pairs: 

{{3, 3}, {3, 4}, {4, 4}, {3, 5}, {4, 5}, {5, 5}, {3, 6}, {4, 6}, {5, 6}, {6, 6}, {3, 7}, 
{4, 7}, {5, 7}, {6, 7}, {7, 7}, {3, 8}, {4, 8}, {5, 8}, {6, 8}, {7, 8}, {8, 8}, {3, 9}, {4, 9}, 
{5, 9}, {6, 9}, {7, 9}, {8, 9}, {9, 9}, {3, 10}, {4, 10}, {5, 10}, {6, 10}, {7, 10}, {8, 10}, 
{9, 10}, {3, 11}, {4, 11}, {5, 11}, {6, 11}, {7, 11}, {8, 11}, {3, 12}, {4, 12}, {5, 12}, 
{6, 12}, {7, 12}, {8, 12}, {3, 13}, {4, 13}, {5, 13}, {6, 13}, {7, 13}, {3, 14}, {4, 14}, 
{5, 14}, {6, 14}, {7, 14}, {3, 15}, {4, 15}, {5, 15}, {6, 15}, {3, 16}, {4, 16}, {5, 16}, 
{6, 16}, {3, 17}, {4, 17}, {5, 17}, {6, 17}, {3, 18}, {4, 18}, {5, 18}, {3, 19}, {4, 19}, 
{5, 19}, {3, 20}, {4, 20}, {5, 20}, {3, 21}, {4, 21}, {5, 21}, {3, 22}, {4, 22}, {3, 23}, 
{4, 23}, {3, 24}, {4, 24}, {3, 25}, {4, 25}, {3, 26}, {4, 26}, {3, 27}, {4, 27}, {3, 28}, 
{4, 28}, {3, 29}, {3, 30}, {3, 31}, {3, 32}, {3, 33}, {3, 34}, {3, 35}, {3, 36}, {3, 37}} 

To analyze the remaining cases, we reintroduce the term log Pij {A, B) into ([3]). This 
means that we can no longer assume that the entries in A, B are all 5. That is, even though 
we have a small set of possible values for i and j , the number of constraints that we consider 
is once again infinite. To fix this, we show that it suffices to consider a finite set of possible 
values for the entries in A,B. 

Consider an element a £ A, and notice that log Pij{A, B) is increasing in a. Moreover, 
according to the above analysis, the sum of the other terms in ([3]) is increasing in a in the 
range [3, 5]. Thus, we may assume that all the elements in A and B are at least 5. 

Next, we wish to find an upper bound for a. We reformulate the left-hand side of ([s]) as 

\ Xy^l - l/{ia) ) 4a(2-l) a{i-l) 
where X and Y depend on i,j,B, and the other elements of A. We wish to bound the 
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integer On 



where 



that maximizes I (a). We have 
d 



da 



I {a) = Ji(a) + J2(a), 



Ji(a) := (2a{ai - 1) (^X^/l - l/{ai) 
As + 3/4(1 -log a) 



J2{a) :-- 



a? a 



1) 



Notice that X is minimized when all entries in A, B are 3, and then its value is 

Xmin := - l/(3i))(-2)/2(i _ l/(3j-))(i-l)/2. 

Next, we notice that Ji is positive and decreasing in a (for every valid assignment of values 
to i,j,X). The behavior of J2 for i = 5 is depicted in Figure |6j Changing the value of i 
will only "stretch" the graph of J2, and thus, J2: (i) has a root oq ~ 5.3588, (ii) is positive 
in the range [e, ao), and (iii) attains its only local minimum at a^ip ~ 8.83522. We notice 

that ^/(odip) is negative (for this, it suffices to check the extreme case where X = Xmin 

and all relevant pairs and thus, Cmax is the root of Ji(a) + J2(a) left of Odip. Using 
computer algebra software we check for all remaining pairs i,j whether there is only one 

root for — /(odip) when X = Xmin, and then we determine as bound for Omax as the smallest 
da 

integer larger than this root. We find that we may assume that no element of A, B is larger 
than 6 (i.e., that Omax < 6). 




Figure 6: The graph of the function J2(a) for i = 5. 

Summing up, it suffices to check the remaining i,j pairs with all possible combinations 
of A, B. This is possible since we may assume that A and B only contain elements from 
{5, 6}. Notice that the order inside the sets A, B is irrelevant. Our computations show that 
all of the constraints that correspond to the remaining tuples are satisfied by the above 
candidate solution. □ 



13 



5 The number of pseudo-triangulations of a point set 



There are various conjectures regarding the relations between ppt(5), pt(5), and tr(5). It is 
conjectured that ppt(5) > tr{S) holds for any points set S [3l|T2]. Similarly, Aichholzer et 
al. [3] conjecture that for any set 5, subset of interior points W C S, and point v G 
W, it holds that pt^^(5) > pt;y\|j,}(5) (notice that this conjecture immediately implies 
ppt(5) > tr(S')). Both of these variants have been verified for all sets of at most 10 points 
[2j , for some interesting configurations of points [3j , and various other insights have been 
observed regarding them. However, in the decade that has passed since the establishment 



of Theorem 2.3, no actual progress has been made in the from of improved bounds (and 



Theorem 2.3 bounds the opposite direction). 



In this section, we present a new observation related to Theorem 2.3 (and to the above 
conjectures), and then rely on it to show that the bound ppt(5) < 3^'^ • tr(S') is indeed not 
asymptotically tight. 




(a) 




Figure 7: (a) Removing any edge incident to a vertex of degree 3 will make it pointed. For vertices of 
larger degrees there are at most two edges with this property, (b) By inserting p,q,r far enough from 
the convex hull of S (the shaded part), we obtain a triangular convex hull. 



Observation 5.1 For every set S of N points in the plane, there exists a point v £ S' such 
that pt|„}(5) < (8/3 + /i/(3n)) • pt^{S). 



we 



Proof. Returning to the second observation from the proof-sketch of Theorem 2.3 
notice that for a vertex v to have three edges whose removal will make v pointed, v must 
have a degree of 3. If v has a larger degree, there are at most two such edges (an example 
is depicted in Figure [7|^a)). For some more intuition about this subject, see a discussion 
about separable edges [ITj- 

It is well known that any triangulation embedded over a set of N points has fewer than 
(2n + h)/3 interior vertices of degree 3 [20^ Section 2]. Therefore, every triangulation of S 
has more than (n — h) /3 interior vertices of a larger degree. By the pigeonhole principle, 
there exists a vertex v € S' that has a degree larger than 3 in more than {n — h)/ (3n) • tr(S') 



triangulations of S. Combining this with the first observation from Theorem 2.3 (for every 
pseudo-triangulation with W as the set of its pointed interior vertices, we can insert a 
(unique) single edge to obtain a pseudo-triangulation with W \ {v} as the set of its pointed 
interior vertices), we obtain 

pt|„}(S) < 2 • (n - /i)/(3n) • tr{S) + 3 • (2n + /i)/(3n) • tr(5) = (8/3 + h/{3,n)) ■ p^{S). 

□ 
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In the proof of the fohowing Theorem 5.3, we show that this observation can be extended 



to cases where W has a larger size. Moreover, at the end of this section we show how 



Observation 5.1 can be further improved. But first, since the bound in the observation gets 



better as the convex huh gets smaher, we derive the following lemma. 

Lemma 5.2 Let c > 1 be a constant such that every set S with a triangular convex hull 
satisfies ppt(S') = 0{c^^^). Then ppt(5) = O(cl'^l) also holds for sets S with any size of a 
convex hull. 

Proof. Consider a set S of N points with no restriction on the size of its convex hull. 
We pick three new points p, q, r, such that the convex hull of q, r contains the convex hull 
of S in its interior. We set S* = S L) {p,q,r}. Let p' be the first point of S that is hit 
when rotating the segment pq counterclockwise around p. The points q' and r' are defined 
symmetrically (see Figure [Tj^b)). 

Let T be a pointed pseudo-triangulation of S. By inserting the edges pq, pr, qr, pp' , qq\ rr' 
into T (together with the points p, q, r) we obtain a pointed pseudo-triangulation of S* that 
contains T. This implies that we can map every pointed pseudo-triangulation of S to a 
distinct pointed pseudo-triangulation of 5*, and thus, ppt(S') < ppt(S'*). The lemma then 
follows since ppt(5*) = 0(c^+3) = O(c^). □ 

Theorem 5.3 For any set S of N points in the plane ppt(5) = 0*(2.97^) • tr(5). 



Proof. By Lemma 5.2 , it suffices to consider point sets with a triangular convex hull. Thus, 
by Observation 5.1 there exists a point vi £ S' such that pt|j,j|(5) < (8/3 + 1/n) • pt0(S'). 

Next, notice that we can use the trick from the proof of Observation |5.1| once again. 
Recall that every triangulation has at least {n — h)/3 interior vertices of degree larger than 
3. Removing a single edge can make one vertex pointed and reduce the degree of another 
vertex down to 3. Thus, every pseudo-triangulation that is counted in pt^^^j{S) contains at 
least (n — h)/3 — 2 interior non-pointed vertices of degree larger than 3. The same analysis 
implies the existence of an interior vertex V2 such that 

rc^wA (2n + /.)/3 + l ^ {n-h)/3-2 \ 
n — 1 ^ ' 

Repeating this iteratively, we get in the (i + l)-th step at least (n — h)/3 — 2i interior 
non-pointed vertices of degree larger than 3, which implies 

, , 8n/3 — i -I- 1 , , 



We can perform n/6 steps of this process and then use Theorem 2.3, to obtain 



PPt(g)<(f[ '"^'"'^M -3^"^^-tr(5)- (6) 



n 



Next, we notice that 



"''^ 8n/3 - i + 1 (5n/6)! (8n/3 + l) 



n 



n-i n! (5n/2 + l)! 
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By using Stirling's approximation (that is, ml = O* ((m/e)'")), we have 

11 n-i " [[ (5/2) V. j 

Finally, by combining ([6]) and Q, we obtain 

Combining Theorem 5.3 with the bound tr(A^) < 30^ from [15j results in the following 



corollary 

Corollary 5.4 ppt(iV) = 0*(89.1^). 

Remark. We believe that this technique can yield more significant improvements, since 
our analysis is not tight in several places: (i) There exist vertices with no separable edge 
adjacent to them. Such vertices get a multiplier of instead of 2. (ii) When removing 
a vertex of degree 3 (which is the common case in our analysis), we remove at most one 
vertex of a larger degree, instead of two, which should provide a better ratio for the following 
round, (iii) We will now show that Observation |5 . 1 1 is far from being tight, though our proof 
does not easily extend to the following rounds (i.e., when there is more than a single pointed 
interior vertex). 



We conclude this section by presenting an improvement for Observation 5.1 

Observation 5.5 For every set S of N points in the plane, there exists a point v G S' such 
that pt|„|(5) < (12/5 + h/{Wn)) ■ pt^{S). 



Proof. In the proof of Observation |5.1| we relied on the worst case bound on the number 
of vertices of degree 3 in a triangulation. However, it can be shown that the average case is 
much better. For any point set S, on average, a triangulation of S has at most (2n + /i/2)/5 
vertices of degree 3 |17j . That is, a uniformly chosen triangulation (from the set of all 
triangulations of S) is expected to have at most (2n + /i/2)/5 vertices of degree 3. Using 



the same analysis as in the proof of 5.1 , we notice that there exists some v € S' , such that 



3n-h/2 2n + h/2 /12 h \ 

Pt(.l(S) S 2 . ^ .r(5) + 3 . ■ .r(S) = (y + J^) ^ pt,(S). 
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